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Abstract
Micro-structural damages, such as micro-cracks and voids, give locally rise to stresses and may initiate subsequent failure of
structural components. Therefore, the development of methods for the detection of microstructural damage and the observation of
their growth is an important and ongoing area of research, especially for thin-walled structures.
The proposed method for the detection is based on the nonlinearity caused by the micro-structural damages. Lamb waves
are generated which induce simultaneously higher harmonic modes due the inherent nonlinearity. For detailed investigations,
numerical simulations are essential. In this work, the nonlinearity is modeled by the material law, which is based on the Neo-
Hookean and Mooney-Rivlin material models. In contrast to previous studies, which used third order elastic coeﬃcients, these
hyperelastic material models are widely accepted, frequently used, and implemented in commonly available FEM software.
In the numerical investigations, Lamb waves are generated in a thin-walled aluminum plate with windowed sine burst signals.
Due to the nonlinearity in the material law, the waves are not only observed at the excitation frequency, but also at higher harmonic
frequencies. Excitation at especially selected frequencies evoke the cumulative eﬀect, and thus gives rise to the amplitudes of the
higher harmonics. Comparing the S 1–S 2 and S 2–S 4 mode pairs clearly show the higher sensitivity of the latter to the material
nonlinearity. This matches with previous published experimental results. Finally, it is shown that the results obtained agree
qualitatively well with numerical analyses, in which the micro-structural damages are modeled directly by a respective ﬁnite
element discretization.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientiﬁc Committee of 2015 ICU Metz.
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1. Introduction
The use of composite materials in aeronautical and aerospace structures requires new inspections methods for
the detection of micro-structural damages due to their potential of critical structure failure initiation. Based on the
nonlinear Lamb wave propagation the cumulative higher harmonic wave generation is a technique for the detection of
micro-structural damages.
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To get a better understanding of this method analytic and numerical analyses are essential. The analytic solution
for the higher harmonic Lamb wave mode generation in isotropic material is given e.g. by Lima et al. (2005).
This description is based on the ﬁve constant nonlinear elastic theory by Murnaghan (1951). However, this material
model is rarely used and not implemented in commonly used FEM software. In this work a new approach is applied
to simulate the cumulative eﬀect of higher harmonic Lamb wave generation due to a nonlinear material model. In
contrast to the less spread material model based on the third order stiﬀness coeﬃcient the cumulative eﬀect is analyzed
and compared for diﬀerent well established hyperelastic material models, namely the Neo-Hookean and Mooney-
Rivlin material models, cf. e.g. Holzapfel (2000).
2. Theoretical Background
2.1. Hyperelastic materials
For hyperelastic materials the stress state is assumed to be independent of the load path and thus solely determined
by the strain state. Therefore, an energy function Ψ as a potential for the stresses exists, called strain energy function.
For isotropic material this energy function can be written as a function of the principal strain invariants I1, I2, I3.
Five-constant nonlinear elastic theory. The ﬁve-constant nonlinear elastic theory has been developed by Murnaghan
(1951). In contrast to the linear-elastic Hookean law, the strain energy function Ψ is developed by a Taylor series of
third order. Using the Green-Lagrange strain tensor Ei j the energy function Ψ5K can be written as
Ψ5K = μ0E2ik +
λ0
2
E2ss +
A
3
EikEisEks + BE2ikEss +
C
3
E3ss. (1)
μ0 and λ0 are the Lame´ constants of the linear elastic material and A, B,C are the third order elastic coeﬃcients
introduced by Landau (1970), which describe the nonlinear behavior. In Murnaghan (1951) l,m, n are used instead
of A, B,C. Based on this energy potential the second Piola-Kirchhoﬀ stress tensor is given by Liu et al. (2013)
S ik =
∂Ψ
∂Eik
= 2μ0Eik + λ0Essδik + AEisEks + BEabEbaδik + 2BEssEik +CE2ssδik. (2)
Phenomenological hyperelastic material models. In this study two hyperelastic material models are used to inves-
tigate the nonlinear cumulative wave propagation, the Neo-Hookean and the Mooney-Rivlin material model. Both
are phenomenological models. Rivlin and Saunders developed a hyperelastic material model for large deformation of
incompressible rubber (Rivlin et al. (1951))
Ψmoo(I1, I2) =
∞∑
i=0
∞∑
j=0
c¯i j (I1 − 3)i (I2 − 3) j , c¯00 = 0. (3)
In ﬁnite element software the energy potential for compressible material is mostly implemented in term the modi-
ﬁed invariants I¯i, cf. Bathe (2002)
Ψmoo(I¯1, I¯2, I¯3) = c10
(
I¯1 − 3
)
+ c01
(
I¯2 − 3
)
+
K
2
(
I¯3 − 1
)2
, (4)
where K denotes the bulk modulus. For c01 = 0 equation (4) represents the Neo-Hookean material model.
2.2. Nonlinear wave propagation
The phenomenon of elastic waves in thin plates, described by the Rayleigh-Lamb equation in isotropic media, was
ﬁrst documented by Lamb (1917)
tan qh/2
tan ph/2
= −
(
4k2pq
(q2 − k2)2
)±1
, p =
√
k2l − k2 q =
√
k2t − k2. (5)
The exponent ±1 indicates the symmetric and antisymmetric mode, respectively. h is the plate thickness, kl and kt are
the wave numbers of the longitudinal and transversal wave, respectively.
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Fig. 1. Schematic of the wave guide model for the analysis of the nonlinear eﬀect due to hyperelastic material.
In a nonlinear medium monofrequent excitation causes a structural response not only at the excitation frequency
but also at higher harmonic frequencies, that are a multiple of the primary excited frequency. The nonlinearity can be
a geometrical one (interaction of crack interfaces) and a material one, respectively.
To characterize the nonlinear eﬀect two diﬀerent nonlinearity parameters can be used. On one hand the slope of
the amplitudes’ ratio of the fundamental and higher harmonic mode with the propagation distance and on the other
hand the amplitudes’ ratio at a ﬁxed propagation distance at a specimen
β
′
1 =
1
x
A2
A21
β
′
2 =
A2
A21
. (6)
Higher harmonic modes usually have a very small amplitude and hence subside very quickly. To overcome this
problem and to detect even higher harmonics accurately a cumulative eﬀect is used. If the conditions of a power ﬂux
and phase as well as group velocity matching of the primary excited wave mode at ω and the higher harmonic wave
mode at nω are satisﬁed the amplitude of the higher harmonic mode grows with the propagation distance. Considering
these conditions in this study the S 1 – S 2 and S 2 – S 4 mode pairs are under investigation.
3. Numerical simulation
The numerical simulation of the wave propagation in an isotropic hyperelastic wave guide is done by a transient
dynamic ﬁnite element analysis in ANSYSR© release 14.5.
3.1. Setup of the numerical simulation
To simulate the higher harmonic generation due to hyperelastic material models a two dimensional model with a
symmetric excitation is used. Figure 1 provides a schematic of the model. After the separation process the out-of-plane
motion is evaluated at several points.
The higher harmonic Lamb wave generation is investigated using the Neo-Hookean and Mooney-Rivlin material
model. For the Mooney-Rivlin material model three diﬀerent parameter pairs are used, whereby c10 + c01 = μ0 =
const. holds (Table 1). At the observation area I the S 1 – S 2 is investigated for the Neo-Hookean and Mooney-Rivlin
material models using diﬀerent coeﬃcients. A comparison of the sensitivity of the S 1 – S 2 and S 2 – S 4 mode pairs is
done in area II.
Table 1. Material properties of the hyperelastic materials.
Location Mode pair Material model Conﬁguration c10 [GPa] c01 [GPa] K [GPa] β
′
1 [-] β
′
2 [-]
I S 1–S 2 Neo-Hooke Set 1 13.16 – 68.6 4.14e8 8.51e7
I S 1–S 2 Mooney-Rivlin Set 2 13.16 0 68.6 4.14e8 8.51e7
I S 1–S 2 Mooney-Rivlin Set 3 6.58 6.58 68.6 3.83e8 7.53e7
I S 1–S 2 Mooney-Rivlin Set 4 0 13.16 68.6 3.58e8 6.77e7
II S 1–S 2 Neo-Hooke Set 1 13.16 – 68.6 7.69e8 1.79e8
II S 2–S 4 Neo-Hooke Set 1 13.16 – 68.6 3.59e9 2.76e8
312   Natalie Rauter and Rolf Lammering /  Physics Procedia  70 ( 2015 )  309 – 313 
(a) Cumulative eﬀect of the S 1 −S 2-mode pair (b) Cumulative eﬀect of the S 1–S 2 and S 2–S 4
mode pair considering the Neo-Hookean mate-
rial model
Fig. 2. Analysis of the relative acoustical nonlinearity parameter considering the cumulative eﬀect in hyperelastic wave guides.
3.2. Results and discussion
In Figure 2 the nonlinearity parameter β
′
2 is plotted against the propagation distance for both measurements. Based
on these results the nonlinearity parameters β
′
1 and β
′
2 are calculated and the results are given in Table 1. For the
observation area I the nonlinearity parameters β
′
2 is given at a propagation distance of 0.21m, for area II at 0.4m.
The increasing amplitude ratio indicates the cumulative eﬀect of the higher harmonic wave generation.
Considering S 1–S 2 mode pair for the hyperelastic wave guide the numerical simulations based on the coeﬃcient
sets 1 and 2 lead to the same results. This is related to the potential deﬁnition of the Neo-Hookean and Mooney-Rivlin
material models. As mentioned before for c01 = 0 the Mooney-Rivlin material model represents the Neo-Hookean
material model.
Furthermore by increasing the inﬂuence of the second modiﬁed invariant regarding the Mooney-Rivlin material
model both nonlinearity parameters decrease. Therefore, using the Mooney-Rivlin material model the nonlinear
behavior can be inﬂuenced as it is possible for the ﬁve-constant nonlinear elastic theory by changing the parameter
A, B,C as shown in Liu et al. (2013).
Comparing the results for β
′
1 and β
′
2 of the S 1–S 2 and S 2–S 4 mode pair the higher harmonic generation based on
the S 2–S 4 mode pair is much more sensitive than the higher harmonic generation based on S 1–S 2 mode pair. This
coincides with the results of the experimental investigations in Matlack et al. (2011).
4. Conclusion
In this study it is shown that the use of hyperelastic material models like the Mooney-Rivlin and Neo-Hookean
material model can be used to simulate the cumulative eﬀect of the higher Lamb wave mode generation. The nonlinear
material model leads to comparable eﬀects regarding the wave propagation than micro-structural cracks, which will be
shown in a forthcoming publication. It may be concluded, that micro-mechanically damaged material can be modeled
by a nonlinear material model with appropriately adapted material parameters in case of wave propagation analysis.
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